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High-Speed Rotor Dynamics—An Assessment of
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An extensive study was made to determine current needs for research in rotor dynamics to solve
problems encountered in small high-speed turboshaft engines for helicopter and aircraft propulsion.
The purpose of this paper is to report the state-of-the-art for this area as completely and concisely
as possible. The present and past philosophy of rotor-bearing system design including the impact of
the demand for front drives, is discussed. Methods for critical speed prediction and high-speed bal-
ancing are reviewed. The trend to higher speeds is seen to require consideration of new approaches
to balancing through flexural modes. The major parameters available for control by the designer
are shown to be the bearing support properties, and recommendations are made for improving the
accuracy of prediction of these properties. Nonsynchronous excitation is categorized according to
the mechanisms producing the forces, and a need is shown for better methods to identify the result-
ing whirling and vibration, since several of these motions are potentially unstable. Finally, reasons
are given for the predominant use of rolling-element bearings in these engines, and the potential for
special applications of oil-film and gas bearings is discussed.

I. Introduction

MODERN design of small turboshaft engines is character-
ized by ever increasing power weight and power/size ratios.
The increase in performance is being obtained in part
from higher shaft speeds, which has heightened the im-
portance of rotor dynamics considerations in the design
and development process.

In particular, there are a number of problem areas con-
nected with rotor dynamics which are peculiar to the spe-
cial requirements of" rotor-bearing systems of small turbo-
shaft engines for helicopter or aircraft propulsion. These
special requirements are: 1) Increasingly higher shaft
speeds. Increased airflow and power output can thus be
obtained without an increase in physical size require-
ments. 2) Small frontal area and light weight. 3) Front
drive. It is usually desired to locate the power takeoff
shaft out through the front of the compressor section. 4)
Maintainability. Individual components making up the
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rotor-bearing assembly should be easily replaceable. 5)
Long life. It is desired to increase the engine operating life
significantly. Frequency of overhauls should be reduced.

Even if only taken one at a time on an individual basis,
these requirements would generate significant problems
for the rotor-bearing design engineer. Taken together si-
multaneously, these requirements are a severe challenge
to meet. For example, the combination of requirements 1
and 2 has resulted in a blade tip clearance problem in
small engines. The very short length blades require ex-
tremely small tip to housing clearances to maintain high
aerodynamic efficiency and high power output. This in
turn requires very small rotor shaft excursions to avoid
blade-housing interferences, a design condition which is
incompatible with low dynamic bearing loads at high
speeds.

An extensive study was made by the authors for the
U.S. Army (USAAMRDL, Eustis Directorate, Propulsion
Technical Area) to determine the current needs for re-
search in rotor dynamics. From the standpoint of Army
aviation, there are two broad objectives to be met in solv-
ing rotor dynamics problems through a program of direct-
ed research. One objective is to reduce the magnitude and
frequency of rotor dynamics-related failures and required
redesign efforts in propulsion hardware development pro-
grams. Another objective is to improve the reliability and
maintainability of future engines in the field through re-
duction of vibration and dynamic bearing loads.

The purpose of this paper is to report the current state-
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Fig. 1 Scaled dimensions.

of-the-art as completely and concisely as possible,
drawing from extensive literature review, experience of
the authors, and on-site visits to more than a dozen en-
gine manufacturers, research houses, and universities,
which are active in the technical field of rotor dynamics.
An attempt was made to restrict the field of coverage to
those aspects of rotor dynamics which are directly rele-
vant or applicable to small turboshaft engines for helicop-
ter or aircraft propulsion, although much of the informa-
tion presented is applicable to rotor dynamics problems
encountered in many different types of rotating machine-
ry.

II. Scaling Factors

An appreciation for the effect on dynamics of physical
size reduction can be gained through dimensional analysis
of a rotor-bearing system. Consider a turbine or compres-
sor wheel assembly (disks, spacers, and blades) centrally
located on a flexible shaft, as shown in Fig. 1, and assume
that it is desired to scale the system down in physical size
without reducing airflow rates.

It has been the practice of turboshaft design engineers,
with one or two recent exceptions, to maintain operating
shaft speeds at least 20% below the first critical speed in
shaft bending (usually the third critical speed). If the
bearings of this example are rigidly supported, the bend-
ing critical speed is approximated by

1/2

+ v^p]1/2 (1)
where E = Young's modulus, M - mass of wheel assem-
bly, p = shaft mass density, a\ = d/D, a% = l/L and
d, D, I, L are defined by Fig. 1. For a given material
and geometric configuration, Eq. (1) can be rewritten as

ucR = C(d/H2) (2)
where C is a constant.

In addition to these variables, others pertinent to a
scaling analysis of the rotor bearing system are: a; = shaft
speed, R = maximum blade radius, v = average axial air
velocity, and Q = air volume flow rate. The most impor-
tant dimensionless groups are

T T j , = ot^d/D, je/L) etc.

773 =

To preserve similitude for performance prediction, all of
these 7T groups must be held constant when engine size is
reduced. The first TT group determines the scale factor n.

= (d2/D2) requires = n (3)
where the subscript 1 refers to the large engine and sub-
script 2 refers to the small engine.

The second TT group preserves the same critical speed
margin (say 20%) in the small engine as in the large en-
gine.

Fig. 2 Turbine engine cutaway.

requires u)2 — nu^ (4)

The third TT group required the same velocity flow pro-
files in the small engine as in the large engine. If, in addi-
tion, the same air volume flow rate is required (assuming
equivalent gas temperatures) the third TT group requires:

= (ci>2E2
3/Q)> or co2 = (5)

Clearly, Eqs. (4) and (5) are incompatible.
Engine aerodynamic performance requirements are usu-

ally given priority over dynamics requirements. Thus, the
engine speed of the small engine, as dictated by Eq.
(5), will be much higher than would be allowed by the
critical speed margin, as dictated by Eq. (4). A very small
reduction in engine size can completely eliminate a sub-
stantial critical speed margin.

For example, assume a 10% reduction in size of an en-
gine with a 20% critical speed margin: Eq. (5) gives (n =
1.11) 0)2 = 1-37 o>i, also, COC/?CD = 1.25 ui, so that c^i = 0.8
x coc/?(D, then w c / ? ( 2 > = 1.11 w c /?(i ' = 1.388 o>i, and
(w 2 /Wc/?(2>) = (1-37 wi/1.39 o>i) = 0.99. The margin has
been reduced to only 1%, simply by scaling the engine
down 10% in size.

The analysis and example is greatly simplified, and
there are numerous other factors which must be consid-
ered in a realistic scaling analysis. Nevertheless, it does
illustrate one of the basic problems of rotor dynamics in
small engines. In fact, it is becoming ever more difficult
to avoid supercritical operation (shaft speeds through and
above bending criticals) in modern small high-speed tur-
boshaft engines.

III. Effect of Front Drive Requirements

Another set of design conditions which is difficult to
meet in small high speed engines is the combination of
special requirements Eqs. (3) and (4), i.e., the front drive
requirement coupled with the maintainability require-
ment. Referring again to Fig. 1, the critical speed Eq. (1)
is derivable from the more basic equation:

cocr - (ks/m) 1/2 (6)

in which kN is the shaft stiffness effective at the disk
(wheel assembly) and m is the effective mass at the disk.
It is seen that maintaining a high critical speed depends
on maintaining high shaft stiffness. The stiffness of a uni-
form shaft mounted on rigid supports, relative to a centrally
applied load is

ks = (48E//J03)

where / is the cross-section area moment of inertia, and
the other symbols were previously defined. It is clear that
the stiffness, and consequently the critical speed, is a very
strong inverse function of the distanced between bearings.

In a front drive turboshaft engine, either the distance
between the bearings supporting the power turbine shaft
cannot be shorter than the length of the compressor spool,
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or an intershaft bearing must be employed, since the
power turbine shaft must pass through the inside of the
compressor spool to reach the front of the engine (see Fig.
2). Intershaft bearings, supporting relative rotation be-
tween the compressor spool and the power turbine shaft,
have a history of poor performance and maintainability.
As a result of these considerations and constraints, some
engines will have their power turbine shafts operating
through and above a critical speed in shaft bending.

Safe operation of aircraft rotor-bearing systems at su-
percritical speeds can be obtained only when at least one
of two conditions are reliably met: 1) Accurate high-speed
balancing of rotor shaft assemblies., Passage through
bending criticals may require multi-plane balancing (more
than two planes). 2) Provision for significant amounts of
external damping.

Satisfaction of condition 1 allows passage through criti-
cal speeds without destructive whirl amplitudes. Satisfac-
tion of condition 2 also reduces whirl amplitudes, but ad-
ditionally, it suppresses several mechanisms of dynamic
instability, such as nonsynchronous whirl induced by in-
ternal friction, shaft stiffness asymmetry, or aerodynamic
excitation. These phenomena will be discussed later.

The alternatives to a supercritical power turbine shaft
in small high-speed front drive engines are: a) Intershaft
bearings, b) Gas generator redesign to allow a large diam-
eter power turbine shaft, c) Use of a power turbine shaft
material with a significantly higher stiffness/density ratio
than steel (e.g., beryllium).

The most commonly used method for keeping power
turbine shafts subcritical is alternative a), the intershaft
bearing. In all applications to date, antifriction bearings
have been used for this purpose, although a design prob-
lem of radial space availability between the inner and
outer shafts is often encountered. The most probable
causes of the previously mentioned problems with rolling
element intershaft bearings are shaft bowing from thermal
effects, inaccessability for lubrication, and high DN
values with counter-rotating shafts.

It is desirable from an aerodynamic standpoint to have
the gas generator shaft and the power turbine shaft rotat-
ing in opposite directions, but this increases the DN
value of the intershaft bearing. It is therefore a more
common design practice to have these shafts corotating
(although usually at different speeds). Intershaft bearings
also appear to be a source of nonsynchronous vibration,
since they can transmit dynamic loads from one shaft to
the other at any of the predominant frequencies.

Another type of intershaft bearing which has potential
merit is the oil film bearing. At least one engine manufac-
turer has attempted such an application without success.
It should be noted that the load capacity of a film bearing
is increased when the bearing corotates with the journal,
and that film bearings have minimal radial space require-
ments. Of course, oil film bearings also have a much
greater load capacity than gas bearings.

The second alternative b) to supercritical shaft design
involves either an increase of gas generator bearing diame-
ter (with a consequent increase in bearing DN values) to
accommodate a larger diameter power turbine shaft, or a
bias toward a purely centrifugal compressor design to
allow a shorter shaft. Either of these options has the effect
of raising the power turbine shaft critical speeds, as de-
sired, but they both also tend to increase the cross-sec-
tional size of the engine.

It may be of interest to note that a large diameter com-
pressor spool bearing is compatible with some of the
unique requirements of gas film bearings. For example,
gas bearings require large bearing areas and high journal
velocities to generate significant load capacity.

The final alternative c) has been the subject of some
preliminary studies by at least one engine manufacturer.
Returning to Sec. II, comparison of Eqs. (1) and (2) shows

Fig. 3 Cylindrical whirl of a rigid rotor on flexible supports.

that the shaft critical speed is proportional to
Most engineering metals in common use (e.g., steel, alu-
minum) have almost identical (E/p) values, thus offering
little selectivity with respect to critical speed properties.

Beryllium is an exception to this rule, with an (E/p)
value of about three times that of steel or aluminum. In
designing a beryllium power turbine shaft, one problem to
be overcome is the notch sensitivity and brittleness of the
material. However, if these problems could be overcome
through proper design or through modification of material
properties, a power turbine shaft of this material could
operate at significantly higher speeds (perhaps 20%) with-
out passing through resonance in bending.

IV. Prediction of Critical Speeds

Critical speed analysis was historically and is still today
the most important single rational method for rotor-bear-
ing system design. It allows the designer to avoid resonant
conditions in the operating speed range of his machine.

Referring to Eq. (6), the critical speeds of a rotor-bear-
ing system are determined by the effective stiffness, which
may be either in the supports or in the shaft itself, or
both, and by the effective mass, which may be rotating
with the shaft or vibrating with the bearing support struc-
ture. Equation (6) applies strictly only to a simple Jeffcott
rotor1'2 with a single critical speed, but the concept of ef-
fective stiffness and mass may be carried out to much
more complex cases involving bending modes with distrib-
uted mass, in which these quantities must be regarded as
speed dependent.

In rotor-bearing systems, the flexibility (inverse of stiff-
ness) may be almost entirely in the bearing supports, in
which case we say we have a "rigid rotor," or it may be al-
most entirely in the shaft, in which case we say we have a
"flexible rotor." The corresponding critical speeds are
called "rigid-body" critical speeds and "flexural" or
"bending" critical speeds. The reason for the terminology
is illustrated in Figs. 3 and 4.

Figure 3 shows the two modes of rigid body motion al-
lowed by soft supports. The first mode, in which the two
ends of rotor whirl in phase., is called "cylindrical whirl."
The second mode, in which the two ends of the rotor whirl
180° out of phase, is called "conical whirl." Most modern
turboshaft engines have bearing supports which are de-
signed to be very flexible relative to the shaft and there-



298 J. M. VANCE AND A. C. ROYAL <L AIRCRAFT

Fig. 4 Flexural whirl on rigid supports: a) first mode shape,
and b) second mode shape.

fore pass through both of these rigid body criticals at
speeds below the operating range of the engine. Since
most of the motion in these modes takes place at the
bearing support locations, the resonance can be damped
by dissipating energy in specially designed dampers at the
bearing supports.

If the supports were made rigid, the first mode would
look like Fig. 4a, and the second mode would look like
Fig. 4b. In this case there is no deflection of the bearing
support structure, and since the shaft whirls in a constant
bowed shape, it is difficult to damp these modes by dissi-
pating energy in dampers. These flexural modes, with
rigid supports, are therefore extremely difficult to pass
through safely, unless the shaft is precisely balanced for
the expected mode shapes.

At sufficiently high speeds, the rotor-bearing system of
Fig. 3 also displays the flexural response of Fig. 4. Thus a
rigid rotor changes into a flexible rotor just by an increase
in speed. This is because all real shafts have some flexi-
bility and will therefore have flexural resonances at suffi-
ciently high frequencies, even with soft supports.

o
o
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X UJ
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CYLINDRICAL MODE
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Fig. 5 Response curve for the Jeffcott rotor: a) Jeffcott rotor,
and b) response curve.

S P E E D - r p m
Fig. 6 Response curve for rigid rotor on flexible supports.

In the design of turboshaft (also turbojet, turbofan) en-
gines which are to be used as a primary source of flight
propulsion for aircraft, engineering design practice has al-
most always been to keep the flexural critical speeds
above the maximum operating speed of the engine. The
safety reasons for this should be obvious from the discus-
sion above. The word "almost" is used because the defini-
tions of rigid body and flexural critical speeds become
hazy when the support flexibility and shaft flexibility are
of about the same magnitude. Also, it can become very
difficult to design a stiff power turbine shaft when the
bearing span cannot be made shorter than the length of
the compressor spool.

The original work by Jeffcott1 was apparently the first
published analysis of critical speed response which cor-
rectly predicted that shaft whirl amplitudes would come
back down at speeds above the critical speed. A typical
response curve for the simple rotor analyzed by Jeffcott is
shown in Fig, 5. For this system, the effective stiffness
and mass can be predicted quite easily, which allows ac-
curate predictions of the critical speeds.

Note that the ordinate of the curve is shaft whirl ampli-
tude, and the abscissa is shaft speed. The most important
information displayed by such a curve is the speed at
which the peak response occurs (i.e., the critical speed).
The predicted whirl amplitude is less important because
it is usually inaccurate. (This is because it is determined
by the magnitude of system damping, which is extremely
difficult to predict).

The response curve of Fig. 5 is also valid for the cylin-
drical rigid body mode of Fig, 3. However, if the response
curve for the rigid rotor is extended out to a speed range
which includes the conical critical speed also, the curve
will display both peaks as shown in Fig. 6. (Note that the
shaft deflection measured in the conical mode would de-
pend on the measurement location along the shaft).

As the speed range of the rotor is further increased,
more peaks will be displayed on the response curve, corre-
sponding to the shaft flexural modes. The principal objec-
tive of all critical speed analysis is to determine the
speeds at which these peaks occur, so that they can be ad-
justed outside of the operating speed range to proper de-
sign.

Although the complexity of modern turboshaft rotor
systems has provided an incentive for development of crit-
ical speed analyses and computer programs with a high
degree of mathematical sophistication, it is important to
remember that the accuracy of the resultant predictions is
completely dependent on the accuracy of the stiffness,
mass, and damping data used as input to the calculations.
In turboshaft engine design, one of the easiest rotor-bear-
ing parameters for the engineer to adjust is the stiffness of
the bearing supports. Therefore, the critical speed analy-
sis is often used to generate curves like Fig. 7 (for exam-
ple, see Ref. 3). Since a large number of critical speed cal-
culations must be made to generate such a curve, it fol-
lows that the speed of computation can be an important
factor in choosing a method of analysis.



APRIL 1975 HIGH-SPEED ROTOR DYNAMICS 299

Third Critical

Second Critical

Bearing Support Stiffness

Ib/in

Fig. 7 Typical critical speed map.

There are five basic analytical methods (with many
variations of each of the five) which have been developed
to calculate critical speeds of rotor shafts. In their modern
form, each has been adapted for use with high speed digi-
tal computers. All of these methods are applicable to ro-
tor-bearing systems much more complex than the Jeffcott
rotor, but each has certain advantages and disadvantages
which make the choice of method dependent on the type
of rotor, the speed range of interest, arid the accuracy re-
quired. The methods are briefly described and referenced
as follows:

1) The method of Stodola, now sometimes called the
"matrix iteration method."4'5 The calculation begins with
an assumption of the first mode shape, from which the iner-
tia loading due to whirling is calculated at an assumed
critical speed. This loading is used to calculate the shaft
deflection curve, which is compared with the assumed
mode shape. If the agreement is not good, the process is
repeated using the new calculated deflection curve and a
properly adjusted value for the critical speed. A surpris-
ingly small number of iterations will converge to the true
first mode shape (eigenvector) and critical speed (eigenva-
lue). The calculation for higher order mode shapes is
somewhat more complicated, but can be accomplished up
through several critical speeds.

This method is especially well adapted to the use of in-
fluence coefficients, which can often be experimentally
verified, thus adding to confidence in the results. The dis-
advantages of this method are a large requirement for
computer storage capacity, and a loss of accuracy for the
higher order modes. In graphical form, this was historical-
ly the first method used for turboshaft design analysis.

2) The Prohl Myklestad method.6'7'8 This method is
similar to the Holzer method for torsional vibration analy-
sis, in which the shaft is divided into a number of sections
with the mass of each section concentrated at the ends.
Beginning with the boundary conditions at one end of the
shaft, the moment, shear, and inertial loading for each sec-
tion are matched up with adjacent sections until the other
end is reached. If the required boundary conditions at this
end are not met then the calculation is repeated for anoth-
er value of shaft speed (which determines the inertial
loading). The critical speeds, which are the only speeds at
which shaft deflection can exist without external loads or
unbalance, are deduced from a plot of the end boundary
conditions vs speed. The speeds at which the bounda-
ry conditions are met are the critical speeds.

This is presently the most commonly used method for
critical speed analysis in the turboshaft engine industry.
It has been recently modified3'9 to include damping ef-
fects and to improve computational efficiency.

3) The Rayleigh-Ritz method,10 also known as "the en-
ergy method." The maximum strain energy in the rotor
shaft is equated to the maximum kinetic energy due to
whirling. Since the kinetic energy is a function of shaft
speed, the resulting equation can be solved for the critical
speed.

The main disadvantage of this method is that the cal-
culations for strain and kinetic energy require the shaft
deflection shape in the desired mode, which is generally
not known and must therefore be assumed. The accuracy
of the method is not, however, very sensitive to errors in
this assumption, and there are parametric variation meth-
ods available to minimize the error.

4) The characteristic equation method.11 Substitution
of a general exponential solution into the differential
equations of motion yields a polynomial in the eigenvalues
(critical speeds), the roots of which are the critical speeds.
This method is not presently used much in the industry,
probably because the polynomials obtained for real sys-
tems are of high order and therefore difficult to solve.
There has been some recent interest in applying modern
algebraic techniques to update this method, however.12

5) The method of numerical integration, also called the
marching method.13'14 The equations of dynamics for the
rotor-bearing system are solved numerically, marching out
the motion from the initial conditions for small steps of
increasing time.

This method consumes large amounts of computer time,
since the critical speeds are obtained by calculating steady-
state amplitudes for a large number of speeds and plot-
ting the results as in Figs. 5 or 6. Sufficient computer
time must be allowed at each speed for initial transients
to die out.

It is, however, the only method which can simulate the
nonlinear system. It is therefore valuable for verification
of the results from methods 1-4 and for investigation of
the effect of nonlinearities on critical speeds.

As can be inferred from the aforementioned, critical
speed analysis is now advanced to a highly sophisticated
state, with a number of techniques developed to handle
practically any type of rotor-bearing system. The refer-
ences noted were selected to give some description of the
basic concept and theory for each method.

Each of the turboshaft engine manufacturers and indus-
try-related research houses have their own highly devel-
oped computer programs for critical speed analysis based
on these methods. Only a few of these programs are well
documented in the published literature,15'16 however,
which tends to perpetuate a certain lack of comparability
of results, even for similar problems.

Gyroscopic effects can be included in all of the critical
speed analyses listed above, and practically all of the in-
dustry computer programs do include these effects. This
is usually done by treating compressor and turbine wheels
as if they were rigid disks. Until recently, this was a valid
assumption since these disks are normally very rigid com-
pared to the shaft.

Some recent problems in making accurate critical speed
predictions for extremely high speed (N > 60,000 rpm)
turbomachinery, and for compressor rotors with long thin
blades, tend to suggest that there is a class of machines
for which the rigid disk assumption is not valid.

The extremely high out-of-plane forces developed on
whirling disks at high speed apparently can bend the disk
and thus modify the gyroscopic moments. The suggested
type of deformation is shown in Fig. 8. The terminology
"rubber disk effect" was apparently coined by J. P. Den
Hartog during consultations with industry companies on
this problem. With the exception of the "rubber disk ef-
fect," critical speed analysis appears to be sufficiently
well developed to treat all foreseeable cases in turboshaft
rotor-bearing design. Any significant advances to be made
in these analytical capabilities would most likely be to
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Fig. 8 Disk deformation affecting gyroscopic moments: a)
rigid disk on flexible shaft, and b) flexible disk on
flexible shaft.

improve computational efficiency and reduce computer
time costs. The real need is for more accurate determina-
tions of rotor system parameters and characteristics to be
used as input to the various computer programs.

Turboshaft engine rotors are actually an assembly of
shafts, spacers, disks, and blades. In many cases, the
methods of attachment of these pieces are governed by
maintainability considerations which require a disassem-
bly capability, or by thermal expansion clearance require-
ments which are often satisfied by the use of spline joints.

Critical speed calculations require knowledge of the
bending stiffness of the rotor shafts in the system at all
points along the shaft. The effects on bending stiffness of
the various joints and discontinuities are largely unknown
at the present time. Even with welded joints, which are
becoming more common in modern engines, the shaft
stiffness often cannot be accurately predicted in the de-
sign stages. In practice, engineering design analysts make
"educated guesses" based on experience for these stiff-
nesses, and later improve the estimates by component
testing or by critical speed measurements.

V. High-Speed Balancing

For a completely rigid rotor, it has been shown that two
balance planes (locations along the shaft at which unbal-
ance measurements and corrections are made) are both
necessary and sufficient for balancing to be effective at all
speeds.17 Rotor shafts which flex obviously have a state of
balance which changes with the magnitude and shape of
shaft deflection. There has been some controversy among
the experts as to exactly how many balance planes are re-
quired for flexible rotors, but is fairly certain that more
than two are required,17 and that no more than N + 2 are
needed,18 where N is the number of critical speeds to be
passed through.

One current program of research and development for
high speed balancing of flexible rotors is based on an in-
fluence coefficient method, in which the required correc-
tion weights and locations are calculated from experimen-
tal data obtained with the rotor running at various speeds
with a known trial unbalance weight attached. References
19 and 20 report test verification of the theory, which
is based on the work of Goodman,21 Rieger,22 Lund and
Tonnesen.23 Application of the method to a high speed
turboshaft engine is described in a publication by Rieger
and Badgley.24 A similar method for flexible rotor balanc-
ing which uses influence coefficients that are calculated

from beam theory, rather than experimentally measured,
is reported by LeGrow.5

Another method for flexible rotor balancing is the
modal method,18 in which balance planes are selected to
have maximum influence on particular flexural modes,
and the balancing is done at the flexural critical speeds to
minimize the effect of other modes. Whatever method
eventually proves to be best for small turboshaft engine
applications, it appears that balancing in more than two
planes will become necessary as engine design evolves fur-
ther into the region where flexural whirl modes are signifi-
cant.

Flexible rotor balancing requirements will also have
their own effect on engine design. The significant factor is
that balancing flexural modes must be done either in the
engine, or on specially constructed bearing supports which
simulate the engine bearing stiffnesses and locations.

The latter approach might be simplified for some appli-
cations using very soft supports (without squeeze film
dampers) by mounting the rotor "free-free" in a specially
designed balance machine. In any case, however, balancing
the rotor outside the engine would be compromised by the
necessity for disassembly and reassembly on installation,
unless there is a major change in design philosophy to
allow installation of assembled rotors in engine cases after
balancing. "In-Place" balancing (balancing complete as-
sembled rotors in the engine) would also require a major
change in design philosophy to provide integral probes for
measurement of rotor deflection and access ports for bal-
ance correction.

There is a potential side benefit from in-place balancing
which could prove more valuable than the balancing it-
self. This is the diagnostic capability provided by the in-
tegral proximity probes. Manufacturers of high speed
compressors and other types of rotating machinery have
recently begun to use such probes as a routine source of
information on bearing conditions, state of rotor balance,
etc.

For turboshaft engine applications, proximity probes in
the hot gas sections would be subjected to an extremely
severe environment in terms of temperature and erosion.
At present, probes are not available to survive this envi-
ronment, but they are under active development and
should be available within one to two years from the date
of this paper.

VI. Prediction and Control of Bearing Support
Properties

The two bearing support properties of interest are stiff-
ness and damping. As described previously, most modern
engines are designed with soft supports (low stiffness) to
place the rigid rotor critical speeds below the operating
range. Support damping can reduce or eliminate the
peaking synchronous response to unbalance at the critical
speeds (resonance), and can suppress many of the nonsyn-
chronous responses and associated instabilities.

Fig. 9 Squeeze film bearing damper.
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Asymmetry and cross-coupling are important aspects of
support properties, as they have a profound effect on rotor
dynamics, especially with regard to stability. An example
of asymmetry is different bearing support stiffnesses in
the horizontal and vertical directions. An example of
cross-coupling is damping force generated in the horizon-
tal direction by motion in the vertical direction. The in-
fluence of support properties on rotor shaft dynamics is
now well understood by researchers in the field, the
subject having been extensively studied both analytically
and experimentally.25"31

The real problem at present is a lack of capability to re-
liably and accurately predict support characteristics from
design data. The squeeze film bearing damper represents
an attempt to achieve a high level of support damping,
and is probably the most significant development of the
last decade affecting high-speed rotor dynamics. Figure 9
illustrates the principle of operation.

The terminology "squeeze film" is descriptive of what
takes place in the annular clearance space, to which oil is
continuously supplied. In a typical turboshaft application,
the clearance space is located between the damper hous-
ing bore and the outer race of a rolling element bearing,
which is therefore a loose fit in the damper housing. The
rotating unbalance of the rotor induces the bearing to
orbit within the damper housing. In a properly designed
damper, metal to metal contact is prevented by hydrody-
namic support of the oil film. The bearing race is normal-
ly constrained by a key to prevent rotation.

The oil film support provides both low dynamic stiff-
ness and high damping (energy dissipation). The result, at
least for a good design, is greatly reduced dynamic bearing
loads, elimination of resonance, and in some cases even a
reduction of whirling amplitudes. The latter result is intu-
itively surprising to many; it is often difficult to convince
a machine designer that he needs to provide a loose bear-
ing housing clearance to reduce whirling amplitudes.

In this description, the phrases "properly designed
damper" and "good design" are important. At present it
is not possible to predict damper performance from design
data with confidence. The good designs that have been
obtained are largely based on empirical information from
earlier designs. The same can probably be said about the
bad designs.

A squeeze film damper is basically an oil film bearing
with zero rotation. The damper force response should
therefore be predictable from hydrodynamic bearing theo-
ry. For example, Lund32 has defined eight coefficients
which give the forces in terms of journal position and mo-
tion in cartesian coordinates.

The problem is that these coefficients are predicted dif-
ferently by each of the various theoretical models based
on certain assumptions for analytical simplification.
There is "long bearing" theory,33 and "short bearing"
theory,34 and various assumptions about the circumferen-
tial location of the beginning and end of the oil film (the
boundary conditions). Most experimental data for oil film
bearings has been obtained for the case with pure rota-
tion, no orbiting, which is the antithesis of a squeeze film
damper.

Whenever an attempt is made to design a damper on a
scientific or analytical basis, it is usually based on the
work of Cooper,35 who gives mostly qualitative results of a
parametric study made with an unbalanced rotor support-
ed by a squeeze film. The most convincing and indisputa-
ble fact shown by Cooper's experiments is that any re-
striction of damper orbiting by mechanical stops or
bumpers produces a tremendous increase in bearing loads,
perpetuates resonance which would not occur without the
bumper, and generally destroys the good effects of the
damper.

More recently, Jones36 published the results of an ex-
perimental study of squeeze film hydrodynamics. He re-

ports a reasonable verification of short bearing theory ex-
cept for cases with large eccentricity (bearing journal far
off center). The main shortcoming of this study is that the
apparatus motion was restricted to orbiting about the
damper centerline, a condition rarely obtained in engines
unless the damper is coupled with a stiff mechanical sup-
port spring.

Since the squeeze film damper is a nonlinear device,
the possibility exists for several shaft motions to satisfy
dynamic equilibrium. In fact, an analytical and experi-
mental investigation by White37 has confirmed the exis-
tence of jumps from one stable orbit to another of differ-
ent magnitude, a phenomenon originally suggested by
Cooper's work.35

Some manufacturers and turbomachinery research
houses have developed computer simulations of the tran-
sient dynamics of engine rotors on squeeze film sup-
ports.13'14 Although such simulations are helpful in un-
derstanding the effects of changes in various design pa-
rameters, little confidence can be placed in their quanti-
tative predictions until the hydrodynamic response por-
tion of the analytical model is either verified or appro-
priately modified by experimental studies.

Understandably, there are some engineers in the indus-
try who prefer not to rely on the imprecisely known char-
acteristics of squeeze film dampers to provide the required
support properties for control of rotor dynamics. Generally
speaking, the stiffness of mechanical supports is easier to
control, even if not so easy to predict in the preliminary
stages of design. The damping of such supports is, of
course, very predictable, usually being very low. Even
when squeeze film dampers are used, they often are
mounted in series or parallel with mechanical spring sup-
ports.

Mechanical bearing supports are usually designed to
provide the minimum stiffness practical while still main-
taining the required strength and reliability. Most fall
roughly into one of three categories: a) The squirrel cage.
So named because of its appearance, made as a cylinder
of thin metal ribs, b) Welded rod support. In this design
the bearing mount is cantilevered on several metal rods
parallel to the shaft centerline. c) Corrugated metal ring.
A variety of these designs are all constructed to fit snugly
around the outer bearing race and provide a mechanical
cushion through deflection of small segments or protrud-
ing elements.

The stiffness properties of all these designs can be con-
trolled with good accuracy by testing and iterative redes-
ign as required. The capability to predict these properties
analytically in preliminary design stages needs to be im-
proved. It appears that one way of doing this would be to
standardize some designs throughout the industry, al-
though the practicality of accomplishing this in a compet-
itive environment is questionable.

Another type of mechanical bearing support, which is
used to provide both low stiffness and some degree of
damping, is the common "O-ring." Grooves in the bearing
housing bore are made to hold the "O-rings" so that they
are compressed into an elliptical shape when the roller
bearing outer race is inserted.

The "O-rings" are made of an elastomeric material, and
their fatigue properties and thermal degradation proper-
ties are not well known for this type of application. At
present they are considered suitable only for short life ap-
plications in the cold (compressor) section of turboshaft
engines.

VII. Nonsynchronous Excitation

Rotor-bearing system response to rotor unbalance is
called synchronous whirl, because it is characterized by
rotor orbiting at shaft speed. Synchronous whirl is usually
in the same direction as shaft rotation (forward), but can
also be backward in direction.
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All other motions executed by the rotor bearing system
can be classified either as nonsynchronous whirl or as
nonsychronous vibration. These motions are often self-ex-
cited by rather subtle mechanisms, and are sometimes as-
sociated with the possibility of dynamic instability.! It is
this latter characteristic which makes an understanding of
nonsynchronous excitation so important to insure safe de-
signs for flight propulsion.

The major sources of nonsynchronous excitation which
have been identified and studied by researchers to date
are: 1) Asymmetric stiffness properties of shafts or bearing
supports.26-29'31'38"41 2) Internal friction in shafts or other
rotating parts.26'42"46 3) Aerodynamic or gas flow excita-
tion.48'49 4) Excitation from fluids trapped within rotor
shafts.50"52 5) Rubbing friction between radial surfaces or
rotors and stator housings.47'53 6) Excitations from other
rotating components in the same engine structure (e.g.,
excitation of a power turbine rotor from unbalance of a
compressor rotor). 7) Excitations from gears, at the gear
tooth mesh frequencies.

Backward whirl, which can be either synchronous or
nonsynchronous, is one of the least well understood phe-
nomena of rotor dynamics. Den Hartog54 states in his
book that he doubted the possibility of its existence until
he finally observed it in a model. Although Den Hartog
concluded that backward whirl is only of minor impor-
tance, more recent experience in the turboshaft engine in-
dustry indicates otherwise. Large amplitudes of backward
whirl have been observed in engines, with the source of
excitation traced to the ball bearing effects originally
identified by Yamamoto.55

Backward whirl has been shown to be an eigenvalue
(natural frequency) of rotor bearing systems in a number
of critical speed studies.3'11'31'56 Since any shaft unbal-
ance always rotates forward with the shaft, backward
whirl would not seem to be excited by unbalance. It has
been shown, however, to be excited when the bearing sup-
port stiffness is asymmetric,57 and is also believed to be
associated with gyroscopic moments.58 References 2 and
56 are in disagreement as to the possibility of the exis-
tence of backward whirl when damping is present in the
system.

Radial rub between rotors and stator housing is the
most easily visualized mechanism driving backward whirl,
and this may actually be the source of most cases occur-
ring in turboshaft engines. Inspection of Army helicopter
engines being rebuilt at ARADMAC provides convincing
proof that such rubs are frequent and pronounced in these
engines.

Nonsynchronous whirl inducted by internal friction is
probably the most common type of self-excited whirl in
turboshaft engines. The nature and cause of this phenom-
enon has been rigorously analyzed by Gunter44 and
Ehrich42.

A subsequent investigation by Gunter and Trumpler45

shows that an increase in the threshold speed of instabili-
ty can be provided by asymmetric bearing supports.
These analyses also confirm earlier experimental findings
that both increased bearing support flexibility and exter-
nal damping raise the threshold speed of instability. Since
squeeze film dampers provide both of these effects simul-
taneously, it is to be expected that friction-induced whirl
could be suppressed by their use.

The first author has investigated the effect of rotor un-
balance, shaft stiffness asymmetry, and the location of ex-
ternal damping in the system, on friction-induced whirl.46

It was found that aerodynamic drag can be an important

^Dynamic instability is defined here as a motion which be-
comes unbounded (until system limits are exceeded) either with
time or with some normally variable parameter of the system, fol-
lowing an initial perturbation.

source of external damping to suppress friction-induced
whirl, whenever stiff bearing mounts are used. This is be-
cause bearing supports cannot dissipate significant
amounts of energy unless they are flexible enough to
move.

The most important parameter affecting the threshold
speed of instability for friction-induced whirl is the ratio
of internal friction to external damping. For large values
of this parameter, rotor-bearing operation is unstable at
all speeds above the critical speed associated with the mo-
tion producing the internal friction. For values of about
unity (external damping equal to internal friction), the
threshold speed is about twice the critical speed. Thus it
is seen that, with a reliable and effective mechanism for
external damping, rotor-bearing systems could be safely
operated at speeds up to about 80% above the critical
speed.

The problem in turboshaft engine design is that neither
external damping nor internal friction can be reliably pre-
dicted from design data, or indeed, even after hardware
already exists. At present these variables can only be
measured indirectly from their dynamic effects on the sys-
tem.

There are numerous potential sources of internal fric-
tion in a typical turboshaft engine rotor assembly. In ad-
dition to hysteresis of the material itself, shaft splines,
shrink fits, and bolted connections are all capable of gen-
erating friction forces as the rotor-shaft assembly flexes.
Some experimental data giving at least the relative mag-
nitudes of friction generated by these mechanisms could
be very helpful to the rotor dynamics engineer for prelimi-
nary design analysis.

Rotor whirling induced by aerodynamic forces on blades
and seals may also be nonsynchronous, and is such a com-
plex phenomenon that research to date has been confined
mostly to hypothesizing qualitative theories to explain it.

It can be surmised that an analogy to "oil whip" in hy-
drodynamic bearings might exist for bladed disks in cylin-
drical housings with small tip clearances, or that a similar
analogy to "propeller whirl flutter" might exist for com-
pressor stages with long blades. What is needed is com-
bined experimental measurements of rotor motion and
circumferential pressure distributions to establish the re-
lationships that exist between disk whirling and aerody-
namic forces.

Nonsynchronous whirl appears to occur more frequently
in rotors with cantilevered disks. In fact, there has been a
long history of dynamics-related problems associated with
overhung rotor disks which are almost certainly not asso-
ciated with synchronous response to unbalance.

Figure 8 illustrates the overhung rotor disk configura-
tion which is characterized by a disk having shaft bear-
ings on only one side. The problems referred to have been
recognized by numerous investigators, and there is a consid-
erable body of literature addressing the subject.39'40'58'59

VIII. Hydrodynamic Bearings

Hydrodynamic bearings provide rotor shaft support
through pressure in a thin fluid film between the shaft
journal and bearing. The fluid may be either a gas (usual-
ly air) on a liquid (usually oil). The pressure may be self-
generated from rotation of the journal (wedge effect) or
may be supplied externally from an auxiliary pump or
compressor. The chief distinguishing characteristic of hy-
drodynamic bearings, as opposed to boundary-lubricated
bearings, is that metal to metal contact between the jour-
nal and bearing does not (or at least should not) occur ex-
cept possibly during startup or shutdown.

Rolling-element bearings are firmly entrenched in air-
craft turboshaft engine design, and there is only one case
known to the authors in which a hydrodynamic bearing
has been successfully used for this application. The two
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Fig. 10 Dependence of inter shaft bearing load capacity on
rotation direction of both shafts: a) journal and bear-
ing counter-rotating, turbulent eddies induced in oil
film, no support pressure generated; b) journal and
bearing co-rotating, oil drawn into converging wedge
to generate pressure.

principal reasons for this are: 1) a rolling-element bearing
usually fails in a gradual way, which gives warning time
before aircraft power is lost, and 2) rolling-element bear-
ings reject less heat to the lubricant, thus allowing a
smaller heat exchanger for cooling.

The latter comparison does not apply to gas bearings.
This, and the reliable availability of lubricant for a gas
bearing, has provided considerable incentive for research
and development of gas bearings for turboshaft applica-
tions.

The chief advantage which all hydrodynamic bearings
offer is long life. In addition, gas bearings also offer ex-
tremely low friction coefficients, although they have a
much smaller load capacity for their size than fluid film
bearings.

Reference 60 describes a feasibility study to apply gas
bearings to a small turboshaft engine. Dynamic stability
problems were encountered in the attempted application,
which is a common occurrence with gas bearings. More
recently the Army and the Air Force Aero-Propulsion
Laboratory have supported work to develop gas bearings for
application to gas turbines.

Oil film bearings may also have a place in small turbo-
shaft engines of the future. Although rolling element bear-
ings are called "anti-friction" bearings, they do not neces-
sarily have a lower friction coefficient than oil film bear-
ings. Furthermore, in some stationary applications, oil
film bearings have demonstrated extremely long life capa-
bilities. In the one successful turboshaft application of an
oil film bearing, mentioned earlier, the incentive was a
limitation of radial space.

The required heat exchanger size, and flight safety con-
siderations, probably preclude broad application of these
bearings in turboshaft aircraft engines. Nevertheless, it is
likely that there will be special applications where long
life or radial space is a problem which can best be solved
by an oil film bearing.

Problems of dynamic instability with oil film bearings,
such as "oil whip,"33 have been effectively solved through
research and development of new bearing designs. An ex-
ample is the "tilting pad bearing/' in which the cylindri-
cal bearing sleeve is replaced with several pivoted blocks
around the circumference, each one supporting the journal
over a segment of the cylindrical surface. In addition to
being more stable, this type of bearing can also accept
greater shaft misalignment.

Due to limitations of radial space between the compres-
sor spool and power turbine shaft, described earlier, oil
film bearings may find useful application in this location
as intershaft bearings. In fact, this has been attempted in
one engine development program which the authors are
aware of. First tests were not successful, and the idea was
abandoned without determining the cause of failure.

Intershaft oil film bearings require corotating shafts
(same direction), since the hydrodynamic support is

greatly reduced in counter-rotating shafts, and completely
disappears if the shafts rotate at equal speeds in opposite
directions. Figure 10 illustrates how the wedge effect to
generate support pressure depends on rotation direction
when both the journal and the bearing are rotating.

Whenever a hydrodynamic bearing is used in aircraft
propulsion machinery, the possibility of lubricant supply
interruption or failure must be considered in the design.
Both military specifications and FAA requirements de-
mand some operating time after lubricant supply inter-
ruption. One way to approach this problem is to design
lubricant reservoirs near the bearings.

Hybrid bearings, in which a hydrodynamic bearing is
located inside a rolling element bearing, are under devel-
opment at the NASA-Lewis Research Center.61 The hy-
brid bearing may prove to combine some of the best fea-
tures of both types. Since the film bearing and rolling ele-
ment bearing are in series, the result is a corotating jour-
nal and bearing for the former and a smaller DN value for
the latter.

IX. Summary

Higher shaft speeds, combined with the desire for front
drive, good maintainability, and long life, have created
some challenging problems for the rotor dynamics engi-
neer in the turboshaft engine industry. The problems are
intensified by scale effects in the smaller engines.

Critical speed analysis has been developed to a high
state of refinement, and is not a restricting factor in en-
gine design. Methods for high-speed balancing through
several flexural critical speeds are under development,
and it may become necessary to modify engine design phi-
losophy to accommodate these methods-if speeds continue
to increase.

Squeeze film bearing dampers have contributed to
smoother operation of engine rotors, make passage
through critical speeds safer, and help to suppress poten-
tial whirl instabilities, At present, however, damper de-
sign cannot be optimized because an experimentally veri-
fied theory of dynamic force response does not exist.

Experimental data is needed on the stiffness and fric-
tion properties of the types of joints commonly used in
rotor shaft assemblies, including splines. Rolling-element
bearings have been and will continue to be the predomi-
nant type of bearing used in aircraft turboshaft engines.
However, oil film and gas film bearings appear to be well
suited for intershaft applications in front drives for these
engines, and current development efforts for this purpose
show promise.
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Dynamic Response of Viscous-Damped
Multi-Shaft Jet Engines

David H. Hibner*
Pratt & Whitney Aircraft Division, United Aircraft Corporation, East Hartford, Conn.

Rotor synchronous vibration experienced on multi-shaft aircraft engines results directly from
rotor imbalance exciting the numerous critical speeds inherent in light-weight, high-speed modern
powerplants. The understanding and reduction of this dynamic response is essential during engine
design and development phases. This paper presents an efficient analytical technique capable of
predicting the vibratory response of an engine with nonlinear viscous damping. A unique transfer-
matrix method is applied to the idealized equivalent engine system to produce an unusually small
array of influence coefficients. The damper equations for a closed-end viscous damper are derived
from the basic Reynolds equation. The analysis is applied to a two-shaft aircraft engine to illustrate
the basic concepts of multi-shaft critical speeds and nonlinear viscous-damped response.

Nomenclature

c = damper radial clearance
e = damper eccentricity
g - gravitational constant
h = damper film thickness
kt = shear stiffness shape factor
/ = length of beam element
m - mass
t = time
u - imbalance
x, y, z = rectangular coordinates
A = area
Aij = influence coefficients
B - damping coefficient
D — damper journal diameter
E - elastic modulus
G = shear modulus
/ = area moment of inertia
I, =(IP-IT)8
IP — polar moment of inertia
IT — transverse moment of inertia
K - stiffness
L — length of damper journal
M, N = beam moment components
M' — moment resulting from imbalance force
P = damper oil film pressure
Q = state variables (shear moment, slope, deflection)
Q' = state variables resulting from imbalance force
R = damper journal radius
S — Sommerfeld number
T — torsional stiffness
T = moment imbalance
U, V - beam shear components
U', V ~ beam shear components resulting from imbalance forces
Uy - imbalance in y-plane
Uz — imbalance in z -plane
Y, Z - beam deflection components
a — influence coefficients
(3 - boundary condition coefficients
€ = e/c (damper attitude)
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= phase angle of applied moment imbalance
= angle from line of centers, viscous damper
= beam slope components
= oil viscosity
= mass/unit length

0 = phase angle of applied force imbalance
0 = viscous damper phase angle
coi = inner journal spin speed
co2 = outer journal spin speed
co = spin speed
12 = whirl speed
* = starred state variables represent values on left of mass-

less beam
Subscripts
n = mass stations
L = line
N = span

Introduction

THE importance of rotor dynamic technology has in-
creased significantly during the past five years, and today
this technology impacts the gas-turbine engine bearing
configuration, the development program, certification re-
quirements, and manufacturing and assembly procedures.
A definition of the engine critical speeds and steady-state
response to inherent rotor imbalance is required to allow
the engineer to optimize the rotor and case structure for
minimum weight and sensitivity to imbalance. The com-
plex vibration response which results from a multishaft,
high-speed, lightweight engine structure must be con-
veyed to the design engineer in a manner that allows easy
manipulation of the design variables in order to produce
the best structure with current technology.

The technical literature contains numerous rotating-
machinery forced-response analyses which are extensions
of the general theory of transfer matrix methods for
transverse vibration as originally presented by Myklestad1

and Prohl.2 Prohl applied classical beam theory to rotat-
ing shafts and calculated the simply supported natural
frequencies (critical speeds) considering symmetric, flexi-


